We present a bipartite two-level system coupled to electromagnetic quantum vacuum fluctuations through a general dipolar coupling. We derive the master equation in the framework of open quantum systems, assuming an environment composed of (i) solely vacuum fluctuations and (ii) the vacuum fluctuations and a conducting plate located at a fixed distance from the bipartite system. For both cases considered, we study the dynamics of the bipartite system and the temporal evolution of the concurrence of an initial entangled bipartite state. We further analyze the generation of entanglement due to the vacuum structure. Finally, we study the different induced contributions to the correction of the unitary geometric phase of a bipartite quantum state so as to explore the possibility of future experimental setups by considering the influence of boundaries conditions in vacuum.
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I. INTRODUCTION
The global phase acquired by a quantum system due to its dynamical evolution contains a gauge-invariant component, namely, the geometric phase (GP) which depends only on the geometry of the path traversed by the system during the quantum evolution [1, 2] . Due to the fact that a quantum system unavoidably interacts with its environment and undergoes decoherence, much attention has been raised by studies on the geometric phase in open quantum systems under non-unitary dynamics [3] [4] [5] [6] [7] [8] [9] . Moreover, the geometric phase acquired in a quantum evolution has been observed and measured in a variety of experiments [10, 11] , and it has been demonstrated that its geometric nature has potential applications in inferring quantum properties of the systems. It has also been suggested as a measure of the Unruh effect at lower accelerations [12] [13] [14] . Recently, it has even been proposed to track traces of quantum friction in the case of an atom coupled to a scalar quantum field, traveling at constant velocity at a fixed distance in front of a dielectric plate [15] . Another major concept in quantum physics happens to be that of entanglement, playing a central role in many novel quantum technologies [16, 17] . It has been said that two initially entangled atoms may get completely disentangled within a finite time, which is known as entanglement sudden death [18] . Likewise, a common bath can also provide indirect interactions among independent atoms, leading to entanglement sudden birth [19, 20] . Thus, the definition and modeling of the environment becomes of prime relevance in the study of quantum entanglement [21, 22] . In particular, vacuum quantum fluctuations are a type of environment that can not be turned off. It is well known that electromagnetic quantum fluctuations are modified by the presence of boundaries and the resulting distortions are known as observable effects such as the Lamb shift [23] and the Casimir effect [24] .
The GP has been studied for bipartite systems in [25, 26] , showing that an initially maximally entangled (MES) state acquired a "robust" GP. As the GP is known to be less corrected in a MES state for the spin-boson model [25] , we shall extend the study of the corrections to the GP to a bipartite state coupled to electromagnetic vacuum fluctuations. In this context, questions also naturally arise as to what happens to the geometric phase acquired by a quantum system by the presence of boundary effects. Furthermore, it may be useful to know if the influence of these boundaries can be exploited for an experimental test on the GP as so to infer quantum properties of the systems.
This paper is structured as follows. In Section II, we present the model studied and derive the master quantum equation so as to describe the dynamics of two twolevel systems coupled to electromagnetic quantum vacuum fluctuations through a dipolar coupling. We derive the environmental kernels for two situations: (i) free space vacuum fluctuations and (ii) a conducting plate located at a fixed distance of the bipartite quantum system. In Sec. III we study the dynamics of an initially entangled state under the presence of quantum vacuum fluctuations, focusing on the effect when boundaries are considered. In Sec. IV, we extend the analysis to the entanglement dynamics of the bipartite system, by considering how the initial entanglement of the quantum system is influenced by the environment. Further, we study if the presence of the environment can generate entanglement in an initial separable state and the functional dependence of the concurrence upon the distance to the conducting plate and the distance among particles. In Sec.V we compute the GP acquired by the bipartite system in either situation considered, in order to compare both situations and see if the presence of boundaries conditions can be exploited for future measurements the GP. Finally, in Sec. VI, we summarize the results and present conclusions.
FIG. 1:
A scheme of the system under consideration, where the two-level atoms are at a fixed distance d from a perfectly conducting plate and separated by a distance L. The electromagnetic field in presence of a conducting plate, can be thought of as that produced by the atoms and two image dipoles.
We shall consider a bipartite system consisting in two, originally non-interacting, two-level systems. Both two level systems are coupled to the electromagnetic field in its vacuum state (and all in turn can be in presence of a perfectly conducting plate). The model, which is schematically represented in Fig. 1 , can be mathematically described by a Hamiltonian
where the first two terms H s and H em are the Hamiltonian of the free bipartite system and the electromagnetic field in presence of a perfectly conducting plate respectively, and H int is the interaction Hamiltonian between the system and the vacuum field. The free system Hamiltonian can be written as
while the interaction Hamiltonian can be expressed as
We have therefore used the lower order multipolar Hamiltonian, with e the electron charge, er the atomic electric dipole and the mode functions A λk (x) of the electromagnetic field, which should be chosen as to satisfy the boundary conditions [27] . The free space mode functions should satisfy the boundary condition,
while the functions considering the plate, in the region
As we want to know the dynamics of the bipartite system at all times, we shall derive a master quantum equation by applying the formalism of open quantum systems [28] . The state of the system, which is represented by the reduced density matrix for the bipartite system, satisfies a master equation. If we perform a power expansion, up to second order in series of the coupling between the bipartite system and the environment (composed by the electromagnetic field plus the mirror), this equation is given bẏ
where V (t) = U † 0 H int U 0 is the interaction Hamiltonian in the interaction picture and U 0 = e − i (Hs+H )t is the operator representing the evolution produced by the free theories. By taking the initial state of the electromagnetic field to be the vacuum state, both the first and the third terms in Eq. (6) vanish, leaving a simplified equation governing the dynamics of the bipartite system:
The interaction V (t) present in Eq. (7) can be found through a simple calculation involving Hausdorff formula, resulting in
With Eqs. (7) and (8) as the starting point and after some algebra, the master equation governing the dynamics of the reduced density matrix for the bipartite system can be written, in the secular approximation:
valid as long as the relaxation time τ R and all evolution timescales of the system τ S ∼ 1/ω i 0 satisfy the relation τ R τ S [28] . K ij ± (t ) are kernels containing all the information about the effect of the electromagnetic field on the system.
In order to obtain these kernels we have made some further assumptions. We are assuming that both atoms have the same natural frequency ω 0 and that they have the same dipolar moment magnitude |r| allowing for the moment the directions to be different. These directions are represented by two unit vectorsr i whose components are r i m . The master equation can be written in a more suggestive forṁ
The first term corresponds to the free evolution of the system (unitary evolution) while the second and third terms are the frequency renormalization and an effective interaction terms, respectively. The last two terms in this equation are responsible for dissipation and fluctuations (noise) effects. In the previous equation we have used that σ ± = σ x ± iσ y . The information about the environment (with or without boundaries) is thus encoded in the kernels a ij (t) and c ij (t), which in the markovian approximation can be computed by direct integration as
It is easy to note in Eq.(11) that the coefficient c ii represents a frequency renormalization, while the term with c ij , i = j is an effective dipole interaction between the atoms. The coefficient a ij , i = j is usually referred to as collective damping. It is important to note, that the kernels will have different expressions whether we are considering the bipartite system either in free space (solely coupled to quantum vacuum fluctuations) or the presence of a perfectly reflecting boundary in quantum vacuum. The explicit expression for the environment a ij (t) and c ij (t) kernels can be found in Appendix A, and will remain valid as long as markovian approximation does. This is, as long as the relaxation time τ R and the vacuum field correlation time τ E (the characteristic width of the environment correlation functions) satisfy the condition τ R τ E , which imposes the conditions, in natural units, Lω 0 1 and 2dω 0 1 [29] .
Finally, by assuming that K 12 (t) = K 21 (t) and K 11 (t) = K 22 (t), the master equation derived can be analytically solved for a general initial state of the bipartite qubit system of the form
The resulting matrix elements composing the reduced density matrix ρ s (t) are explicitly given in Appendix B.
III. SYSTEM'S OPEN DYNAMICS: IN FREE SPACE AND WITH A REFLECTING BOUNDARY
We shall start studying the dynamical properties of the system, whether the bipartite system is in free space or at a fixed distance of a reflecting plate, located at y = 0. In both cases, the atoms are separated a distance L inẑ direction. If we consider the presence of a plate, we shall also assume the atoms to be fixed at a distance d from the perfectly conducting plate in theŷ direction. As we are interesting in the effect of the vacuum fluctuations (either dressed or undressed) on an initial state of the quantum system, we shall define an initial bipartite state of the form
in the {|00 , |01 , |10 , |11 } basis. In Eq.(16), p determines the degree of entanglement being |0 and |1 eigenstates of the Pauli operator σ z (of each two level system).
It is easy to note that p = 1/2 accounts for a maximally entangled state (MES). As has been indicated in [19] , there is no entanglement sudden death for any generic state with maximum one excitation. Analogously, entanglement can be smoothly generated but it cannot suddenly appear. That is the reason we shall limit to study this type of Bell-like state. Taking this particular initial state, the reduced density matrix of the bipartite system assumes the simplified form
Full expressions of the components of the reduced density matrix can be found in Appendix B. As decoherence is the dynamical suppression of quantum coherences, the off-diagonal elements of the reduced density matrix are a good measure of how the environment affects the dynamics of the system. In our study, the only off-diagonal elements of interest are ρ 23 (t) and ρ 41 (t), being the remaining off-diagonal elements either zero, or determined by these two. In what follows, we will be working in natural units c = = 1 and, in this units, we will take the dipolar coupling to be of the order of Bohr radius |r| ∼ a 0 and the natural frequency to be of the order of the hydrogen ground state energy ω 0 ∼ E 0 = 10 6 /; 1/m leading to γ 0 = 1 and allowing for expansions in powers of γ 0 /ω 0 and satisfying all the approximations that have been done. In Figs. 2 and 3, we show the evolution of the absolute value of the coherences with time. In each figure, we compare the temporal evolution of the coherences of the reduced density matrix when there is no plate present (solid line). In addition, we show the behavior of these quantities if there is a conducting boundary located at different distances (dotted and dashed lines) from the bipartite quantum system. In the latter case, we can further consider the orientation of the dipolar moment of the atoms. Hence, in both figures, we plot the temporal behavior for perpendicular orientation of both dipole moments on top, and parallel orientation of both atoms at the bottom. As expected, both coherences decay for sufficiently long times in all considered cases. Even yet, the effect introduced by the presence of the plate tends to vanish as the atoms are placed at larger distances, leaving decoherence effects solely to the zero point fluctuations of the electromagnetic field. However, we can note different decoherence timescales for the cases considered. We can surely define the decoherence timescale where interference terms vanish. As it can be seen in Fig.2 , vacuum fluctuations induced interference destruction around τ ∼ 10 6 . If we consider this decoherence time τ 0 as a reference timescale, we can note that decoherence occurs for shorter times when the dipole orientations are perpendicular to the plate (τ ⊥ ). On the other hand, if orientations are parallel to the boundary, decoherence of the off-diagonal matrix elements takes longer τ . Therefore, we can state that τ ⊥ < τ 0 < τ . In addition, we can further interpret this result in terms of the images method when the bipartite atom system is very close to the conducting surface. If the plane is parallel to the dipole, the image dipole is given by p im = −p. Therefore, the total dipole moment vanishes, and so does the probability to emit a photon. The image dipole cancels the effect of the real dipole and this produces less decoherence. On the other hand, when the conductor is perpendicular to the dipolar orientation, the image dipole is equal to the real dipole. Therefore, the total dipole is twice the original one. This in principle would lead us to conclude that the total decoherence factor grows [30] . We can acquire a better picture of the behavior of decoherence with the atom-plate distance by comparing the decoherence process in free space (without plate) with that case in which the vacuum field state is modified by the presence of the boundary condition imposed by the mirror. The results of this comparison, that has been separately done for the elements ρ 32 and ρ 41 . As it is suggested from the behavior of |ρ 41 | seen in Fig. 3 , by taking the difference in this element's amplitude at a fixed time when the system is affected by free space electromagnetic field and by the electromagnetic field in presence of a perfectly conducting plate, we could acquire an idea of the relation between the effect of the environment in both cases. This difference
is illustrated in the upper figure of Fig, 4 for both x and y polarized atoms. As it will be a recurrent behavior along this work, there is an initial regime in which the presence of the plate reinforces the effect of the environment if the atoms are polarized along the perpendicular y-direction and modifies this effect delaying the system behaviour when they are polarized along the parallel x- direction. This can be seen as, for a fixed time t = π if the amplitude of the element has decreased more in presence of the plate than it would have in the free space case, then Eq. (17) should be negative, obtaining positive values of this subtraction in the opposite case (this fact can be seen for distances d satisfying d ≤ 4L approximately). The amplitude of this correction can be seen to decay with distance while oscillating and tends asymptotically to the free space case for distances d ≥ 10L approximately. Considering the behavior shown by |ρ 32 | in Fig. 2 , a subtraction similar to that performed for |ρ 41 | doesn't seem to be a good indicator of the modifications to the environment effect which are introduced by the presence of the plate. Instead, we have plotted the difference in time position of the local maximum present in the revival
The lower graph in Fig. 4 consists on a plot of this difference ∆t max as a function of the distance from the particles to the plate. We can see that in this case the modification induced by the plate exhibits the same qualitative behavior as that found for |ρ 41 |.
IV. ENTANGLEMENT DYNAMICS
Entanglement is one of the most intriguing properties of quantum mechanics, as it is a form of correlation that can not be explained in terms of any classical theory. Bipartite entanglement of pure states is conceptually well understood. When dealing with mixed states, we say that the state is entangled if it can not be written as a mixture of separable pure states. Among the many physically motivated measures of entanglement for mixed states, entanglement of formation is intended to quantify the resources needed to create a given entangled state, but its exact computation involves a minimization over all possible pure-states decompositions which makes it inconvenient in the general case. However, in the particular case of a bipartite system consisting on two two-level subsystems, the quantity known as concurrence is monotonically related to entanglement of formation and, while its not so clearly motivated, can be taken as a measure of entanglement on its own [31] . The concurrence for the state described by ρ s (t) vanishes if ρ s (t) is a separable state and ranges monotonically to 1 for maximally entangled states. It can be computed as
where λ i are the eigenvalues ofρ = ρ * s (σ 1 ⊗σ 2 )ρ s (σ 1 ⊗σ 2 ). In Fig.5 , we show the temporal evolution of concurrence for a bipartite initial state of the form defined in Eq. (16) . On top of the figure, we can see the concurrence for a maximal entangled state for different situations considered: solely vacuum fluctuations (solid line), parallel dipole orientation (dashed line), perpendicular dipole orientation (dotted line) and an isotropic orientation (dotdashed line). Therein, we can note that concurrence tends to zero following the decoherence timescales hierarchy found before: entanglement of an initially entangled state is faster destroyed when the two atoms' dipole moments are perpendicular oriented to the plane compared to the presence of solely vacuum fluctuations and dipole moments orientations parallel to the plane. For some dipole orientations a revival of entanglement is seen, although its magnitude is much smaller than the initial value. At the bottom of Fig.5 , we present the temporal evolution of the concurrence induced by the environment in an initially separate bipartite state for the same situations considered on top. Therein, we can see that the strongest environment (dotted line) is not efficient enough to induce quantum entanglement (at least in the timescale shown). However, if a much weaker environment is considered, we can find that there is sudden generation of entanglement. It is easy to note, that the timescale at which entangled is created follows the inverse of the decoherence timescales hierarchy mentioned before. The existence of entanglement revivals and the entanglement generation should not be thought of as a sign of non-markovianity, as we have discarded all contributions from environmental memory effects when performing the markovian approximation. These features of entanglement dynamics are a consequence of the induced collective dynamics [20, 32] . The radiated field produced by spontaneous emission of an atom influences the dynamics of the other atom through the vacuum field, but there is no information backflow from the field to the radiating atom. In Fig.6 , we present the temporal evolution of the concurrence for a maximally entangled state (p = 0.5) as function of the distance to the conducting plate d for two different situations: (top) perpendicular-aligned atoms and (bottom) parallel-aligned atoms. In Fig.7 , we plot the induced entanglement generation for an initially separate state for different distances of the bipartite to the plate. Therein, it is easy to note that entanglement birth is more likely to occur when the dipoles are oriented parallel to the conducting plate. On top of Fig.7 , we can see that for short distances to the plate, no entanglement generation is induced when the dipoles are oriented perpendicular to the plate. It can be seen that this correction tends to delay the revival for atoms polarized along the x-direction, while it is suppressed for atoms polarized along the perpendicular y-direction. By exploring the dependence of this correction with the distance from the atoms to the plate, as it is shown in Fig. 6 , we found that the revival is suppressed for atoms polarized along the perpendicular direction when they are placed close to the plate, appearing as the distance is increased. When the dipolar coupling is along the x-direction, the presence of the plate seems to delay the appearance of the revival and extend its duration. Even when this behavior is not monotonic with distance, it can be seen that it is indeed monotonic for those distance intervals for which the correction is stronger.
V. GEOMETRIC PHASE
In this section we shall study the geometric phase accumulated by the bipartite system when evolving under the presence of vacuum fluctuations. We shall study the corrections to the unitary geometric phase acquired and compared it with that obtained when there is a conducting plate. The geometric phase for a mixed state under non-unitary evolution has been defined in the kinematic approach as [33, 34] 
where k (t) are the eigenvalues and |Ψ(t) are the eigenstates of ρ s (t). For a pure initial state, the expression above is simplified to
with |Ψ(t) the eigenstate associated to the eigenvalue λ(t) that satisfies λ(0) = 1. In the last definition, τ denotes a time after the total system completes a cyclic evolution when it is isolated from the environment. Taking into account the effect of the environment, the system no longer undergoes a cyclic evolution. However, we shall consider a quasi cyclic path for a time interval t ∈ [0, τ ] with τ = π/ω 0 . When the system is open, the geometric phase that would have been obtained if the system had been closed φ u is modified. This means, in a general case, the phase is φ g = φ u + δφ, where δφ is the correction to the unitary phase, induced by the presence of the environment (electromagnetic field and conducting plate) [3] . The eigenvalues of the reduced density matrix of the system can be found to be
and its easy to see that λ 1 + (0) = 1 while the rest of the eigenvalues vanish at t = 0. The eigenstate appearing in Eq.(20) is then
With this eigenstate, Eq.(20) reduces to the integral
We shall start by studying the geometric phase acquired under the influence of the environment. If the correction to the GP is negligible (δφ φ u ), the GP acquired would be very similar to the unitary one φ g ∼ φ u , and thus 1 − φ g /φ u ≈ 0. If the correction becomes considerable, then this quantity would increase. In Fig.  8 , we show the GP acquired by an initial maximally entangled state for different winding numbers N = t/τ . On top, we can find the situation where the dipoles are perpendicular-oriented while at bottom, the dipoles are oriented parallel to the plate. In both cases, we show how the correction to the GP is modified as the bipartite system is located at different distances from the plate d/L and compare each case to the correction obtain when the system is only coupled to vacuum fluctuations (solid line). If we choose a fixed time or cicle, i.e. N = 5, we can see that the correction to the GP is smaller for small distances to the conducting plate when the dipoles are oriented parallel to the surface. On the contrary, if the dipoles are perpendicular to the surface, the smallest correction belongs to a fixed distance far enough from the plate (as if there were no plate at all). The correction to the GP tends in most cases to be enlarged when compared to the correction induced in the free (no mirror) space when the particles are polarized in thê y-direction and to be diminished when they are polarized in the parallelx-direction, in accordance with the results obtained for the coherences and the concurrence of the state. As expected, these corrections tend to the free space correction for big enough distances in all cases.
In order to obtain an analytical expression of the correction δφ and get an insight into its functional dependence, we can further perform an expansion of this phase for small γ 0 /ω 0 (weak coupling limit) up to second order,
The first term in the above expansion is φ u = −2π(1−p), the unitary geometric phase (this is the phase we would have obtained when the system is isolated). We can see that the first order correction depends only on a 11 and c 11 meaning the correction is, to this order, independent of the separation between the atoms L, which contributes only to the following order. However it is not independent of the fact that there are two particles, as it is reflected in the quadratic dependence of the first order correction, compared to the cubic dependence found in works previously done [25, 35] . Further analysis can be done over the phase if we write the expressions for a 11 and c 11 so that the correction, to first order in γ 0 /ω 0 reads
where it becomes clear that the correction has a freespace component −4π 2 (1 − p)p and a contribution induced by the presence of the plate. The correction to the phase obtained in Eq.(24) has an strong dependence on the distance to the plate at which the atoms are fixed due to the 1/y 3 dependence of the frequency shift h 11 . For distances in the considered range the correction takes its maximum value at
for any polarization. For this last particular case (25) there is a maximum correction to the phase given by
It is clear that the maximum correction to the phase (to first order in γ 0 /ω 0 ) occurs for the maximally entangled state in the free space case and it is modified by the presence of the conducting plate. In order to get a picture of the range of validity of this approximation we have studied the variation of both the exact phase difference and the first order approximation as a function of the expansion parameter γ 0 /ω 0 , as shown in Fig. 9 . We did so for different initial states and for both studied polarization directions of the atoms, considering they are fixed at a distance d = L from the plate. For most studied p-values the first order approximation faithfully reproduces the exact behavior for γ 0 /ω 0 values ranging up to 10 −4 , starting to be distinguishable for γ 0 /ω 0 values of order 2.10 −4 . This range of validity seems to be similar for both polarization directions. The specific case of p = 0.99, which represents an initial state very close to |11 exhibits a different behavior as the approximation remains valid for γ 0 /ω 0 values up to three times bigger.
VI. CONCLUSIONS
In this article, we have studied the complete dynamics of a bipartite two-level state system (atoms) coupled to an electromagnetic field. We have derived the complete master equation and obtained the reduced density matrix. When computing the environmental kernels for the vacuum fluctuations, we further contemplate the situation of having a conducting plate at a fixed distance d of the bipartite system. In this way, we have obtained environmental kernels comprised of terms depending solely upon vacuum fluctuations and other terms with a clear dependence upon the distance to the plate. Once we have obtained the reduced density matrix for a general state of the bipartite system, we studied the dynamics of a Bell-like initial state. We have defined the decoherence timescale for vacuum fluctuations and compared the decoherence timescale when there is a conducting plate. As for the latter situation, we defined two clearly situations: (i) atomic dipole orientations parallel to the boundary and (ii) atomic dipole orientations perpendicular to the plate. We have obtained that there is a hierarchy in the decoherence timescales for the different situations considered. This result could be easily understood in terms of the image method, concluding that having a dipole orientated perpendicular to the plate, can be demonstrated to originate a more noisy environment and therefore lead to a decoherence timescale shorter than in the case of the dipole is parallel oriented. Further, we have studied the temporal evolution of concurrence for the initial bipartite state, starting with an entangled initial state. We have also analyzed the creation of entanglement in a separable initial state due to the interaction with the environment. We have found that entanglement is most likely to be created for an ini-tially separate state if the dipoles are oriented parallel to the surface.
Finally, we have computed the accumulated geometric phase acquired by a bipartite system in the presence of the external environment. We have considered an initial maximally entangled state and studied how the geometric phase is corrected for each case considered, and compared the results to the correction obtained if the bipartite have evolved in free space (only vacuum fluctuations). We have further considered how the GP is corrected if the bipartite state is located at different distances to the plate, finding that it is most corrected for small distances to the plate in the case the dipoles are oriented perpendicular to the boundary. We have also performed an analytical expansion in order to determine the different contributions to the correction of the geometric phase. We have found two types of contribution to the correction of the GP: (i) a contribution induced by vacuum fluctuations and (ii) a contribution induced by the presence of a conducting boundary. This interesting result reinforces the idea that the geometric phase has become a fruitful venue to explore indirectly quantum properties of a system with the emergence of new technologies.
All in all, we have presented a model in which we can exploit the quantum vacuum structure rendering a good scenario for measurements of the geometric phase. It has been argued that the observation of GPs should be done in times long enough to obey the adiabatic approximation but short enough to prevent decoherence from deleting all phase information. This means that while there are dissipative and diffusive effects that induce a correction to the unitary GP, the system maintains its purity for several cycles, which allows the GP to be observed. Particularly, we have shown that if we want to take advantage of the boundary induced structure modification of quantum vacuum, we shall explore an experimental setup at short distance of a reflecting mirror with a bipartite system composed of parallel oriented dipoles. In such a situation, we shall find that the geometric phase acquired is similar to the unitary one at short times.
The explicit form of these contributions is: One can easily verify that the corrections b ij and h ij induced by the presence of the conducting plate vanish for long enough distances of the particles to it, as they behave as inverse powers of this distance. 
The time dependent factors appearing in these expressions are obtained after tracing out the degrees of freedom of the environment Γ ij = t 0 dt a ij (t ), 
